Introduction.
The increasing technological importance of thermo-acoustic phenomena in combustion chambers and other apparatus leads naturally to the need for understanding the transmission and reflection of acoustic waves at the inlet and exit sections of tubes through which a gas is flowing at moderate Mach number. In this paper, we treat this question for the inviscid perfect gas. The flow fields adopted are the simplest which are reasonable approximations to interesting physical situations and which lead to tractable problems. The problems are resolved by an extension of the work of Schwinger and Levine [1] (their work is essentially the M = 0 problem), and, in some interesting cases, our results can be expressed directly in terms of theirs. The modifications in these cases are reminiscent of subsonic aerodynamic results obtained using the Prandtl-Glauert method. 2. Formulation of the problems. The configuration to be treated here is depicted in Fig. (2.1) . The steady flow through and about the tube is characterized by the specifi- cation of the thermodynamic state variables and the velocity field; the velocity field, in turn, is characterized by a single non-vanishing velocity component in the xx direction. This velocity has the value vx for < R and v2 for r, > R. In two of the problems of interest = v2 and the state variables are the same in each region. In the third i>, > t>2 and the state variables may differ in the two domains. The first two cases are distinguished according to whether vx is greater or less than zero.
If we restrict our analysis to small disturbances, assuming a perfect, inviscid, nonheat conducting gas, the equations governing the propagation of the disturbance in each region take the well known form NOTES [Vol. XIII, No. 4 Here, the primed quantities (v', p , p') are the perturbations in velocity, density and pressure, p is the steady state (constant) density, and the isentropic pressure-density law implies that p' -a'p' where a is the acoustic speed associated with the steady flow state; x, , r, are the space coordinates. Each of these quantities will require the subscript 1 or 2 to distinguish the domain to which it applies when we discuss the flow in which v, ^ v2 .
It is convenient to introduce the following notation: v' = aR' grad R' = i?(l -M2)1/2, s = xJR', y = rt/R, k2 = wR2/a2(\ -M2), and<£ = ^(s, y) exp { -iu[t + Mxi/a(l -M2)] |. It follows from these and the foregoing that
Avf-+ fcV = 0 (2.3) The appropriate solution (obeying the radiation condition) is X = -4(?)j"([fc2 -e\U2y), y < 1 and
The boundary conditions can be written concisely if we define h(
The pressure boundary condition then merely implies that h(£) is the transform of a function, H{x), which is zero for x > 0. We also note that w{£) = x"(£, 1) is the transform of a function, W(x) which vanishes for x < 0. Now
Eliminating A and B, we obtain (using
Our foregoing remarks imply that h(£) is analytic when Im ^ > 0 and that w(£) is analytic ' We consider only problems in which the incident wave is a plane wave in the tube normal to its axis and approaching the origin. when Im £ < 0. The domains of analyticity of these functions can be extended if we associate with 1c a complex value (Im k = e > 0). When this is done, we can anticipate that h, w, and the coefficient of h in (3.3) will be analytic in the strip | Im £ j < e. This is demonstrated in detail in [1] , We now write2 m = -£2],/2)j,([e -m = lm/lm, where L+ and L_ are respectively analytic above -it and below it. One can now apply the conventional arguments of the Wiener-Hopf technique to find /i(£), and these arguments lead to the conclusion that each side of the equation
is the analytic continuation of the other, and that each represents an entire function of £. When M > 0 (the exit problem), it is required that H(x) -» 0 as x -* 0-and we can anticipate that H{x) ~ | x |1/2 in this neighborhood. It was shown in [1] that L+ (£) ~ £~1/2 for large £ (with Im £ > 0). It follows that the entire function, (£2 -fc2)L+(£)7i(£), is a constant (because it is bounded at <»).
When M < 0, the situation is different. In this case, instead of demanding that h(x) -* 0 as x -* 0 -, we require that \f/ be continuous on the extension of the tube. This implies that -ih/(k -Mi-) be the transform of a function which behaves like x1/2 near x = 0 and, in this case, the entire function (k2 -£2)L+(l-)h(l-), is a constant multiple of (fc -M£). One also can see this by noting that, in the entrance case, the radial velocity perturbation near the edge must behave like x~l/2; then, since L_(£) ~ £1/2 (see [1] ), the foregoing result ensues.
We are primarily interested in the reflection coefficient associated with the tube end. Since the pressure field in the tube for large negative x must be of the form H(x) ẽ xp (iks) + N exp (-iks), it follows that the reflection coefficient N is the ratio of the residues of /i(£) exp (i£s) at -A; and +fc, respectively (i.e. N = -L+(k)/L+( -k) for the exit problem and N --[(1 + M)/(1 -M)]L+(k)/L+( -k) for the inlet problem, where M < 0). For the exit problem, these residues are precisely those computed in [1], Thus our vV[(a)i£/a)(l ~ M)l/2} is precisely the Ii of [1] . Note that this is the reflection coefficient for the pressure field (and, as it happens, for the velocity field, too) but not for the potential.
For the inlet flow, on the other hand, the residues of h{|) exp («£s) at ±fc are not the same as those of the exit flow but rather those of this expression multiplied by
It is interesting to note that the reflection at the inlet end of the tube is much poorer than that at the exit end. This is most readily rationalized by noting that, at the inlet end, the incident wave "sees" a much smaller wave length to radius ratio. This is not an adequate basis for an estimate, however, because the non-convective theory gives a quadratic dependence on this ratio for small frequency whereas here the dependence is stronger and, in particular, N is not unity for w = 0.
The major result is to notice that for low frequencies, a moving tube has much greater radiation losses from an inlet end than it does in a stationary situation but that the losses at the exit are only affected when M gets reasonably close to unity.
he notation is nearly identical with that of [1] in order that the reader may readily translate the thorough discussion of that paper into the straightforward generalization of this section.
NOTES [Vol. XIII, No. 4 Figures ( 4. The jet flow. In this section we consider the algebraically more difficult problem where Mx ^ M2 and ^ a2. In this problem, it is more convenient to distort the coordinate system uniformly (i.e. we use the same scale for x and r) and we introduce the nota- The reflection coefficient will be given again by the ratio of the amplitudes of the returning and the outgoing waves in the tube. The inversion integral for the pressure H (x) in the tube (as x -* -», the external pressure tends to 0 so the interior pressure becomes the pressure jump H(x)) is given by h(x) = £ J_" [L+(or exp azxHz^r # and the asymptotic result for -x 3> 1 is given by the residues at the zeros of z\. That is, the reflection coefficient is again L+( -b2)/L+(bi) where -b2 and are the zeros of z\ . However, L+ is composed of two factors, the L+(£) associated with Li as used in the foregoing and the factor L* . The Cauchy integral formula gives L% in the form In L?fl) = ^ ({ -ty1 In L*® df (4.10)
and, in particular, we define the quantity Q so that too -h (M(-WL«W) . (4.11) where the path of integration is indented to pass below -b2 and bt . When kl = k2 , Mi = M2 , L*(£) is identically unity and the contribution of (4.11) is Q = 1. For other cases, however, L*(£) -» 1 as £ -* ± °° and the convergence of the integral is assured. The reflection coefficient in such cases is given by the product Qik, , k, , M1 , M2)N(ki/Pi).
Again one can use the results of [1] to find N but the determination of Q requires the numerical evaluation of the integral of (4.11) for those values of the four independent parameters ax , a2 , Mx , M2 which are of interest. 
